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| Weiner Processes:

z(+) is a Weiner process when
1. d=z = gfdt
E ~ /\/(O,i) (Gaussyian with mesn O :%@fz—‘- 1

2., valves of dz Ffor two different intervals
of time dt, are :wdependent.

Then : 1. dz = o
2. vau dgzg = dt

Weiner Process

2(T)-2(cY= M. Z:AE ,&mZE\Mt

M"’%w £33 '-90‘3,4 1

Thus:1, 2(T)- 2(0) =
2. varn (E{T)wz((b)} = (%(T) - z(&)}z

. N
:,:‘ligf;; vV ans g gd‘\}fﬁt

=l NAt = T

N ~2oe

Generglized Weiner Process
dx=adt + bdz
a= drift rate 3 b %= variance rate
~wWith drift rate anﬁy (b=0)
dx=adt = g&%“:-a = Xz X,+rat
-with variance rate #O/ X is stochastic
dx=adt+ b e dt
Then:4. dx = a dt
2. veadx-= W = bodt
Ms‘a:A X(tT) - X’(é) =aT
var [ X(TY-x(y] = b*T

e

(¥)




@ fta's 5€mma

Let x Follow an I*o process

dx=a(x,t)dt+ b(x,t)dz

+ B Axat + E TE= ot s doT

Ito process: Axs= alx, YAt + b [(x,+£) € Jat

b*e*at +(n.o.T. in 8¢)
g nto (%} and {@@P on?}/

termg gaveg

Thus: AX ==

Svbstitvtin
Ax and At

+HO

As ﬁtwcﬁt ,ﬂ E‘.ZA'tm»f‘ E(Ez)Af-»?dt

' .;Zak% the limit of (M‘S and 5055@‘&"’%& (*)
or “?

dG = (md—g:anbc‘%)"*' 5@ dt+ = (}z bd+

ESGG%QG—,PJ__éG-

e
L

Ta @3’

L

(tt)
AG = 5 Ax + %A£+L§*“?££ at

T

e
S X <E 2 £ x2 b‘z"]dt+b§*§c‘z—

(t]
s FAn fanat;mn G(x, t\} then ;ﬂgi?ow$
Ene PP@C@SS
&
dc: (5%a. E5 s bxc)de v §5 bde
alx,+) b(x t)
Thus, G also fallows t;‘)ﬁ T+ process
= alx,t)de + é(:@ +)d =
B pR@OF’ ﬁG(x ) can he written in a
af or Series ﬁ’xpgnsfbh
& G & 2,
AG= éx ax+ ge At + 5 ésxz AX (%)
G £ &




Finance :

The most wfdeﬁy useci moedel of stock
price be haviof - :

dS:-/u,Sdt +oe Sdz

where : Sz price of stock
AL= expected rate oFf return
& = steck veolitilit
Z2= Weiner process

'S/Oec,ia/ case: no risk (@»z@)

‘ ds t
dS:'-/u,Sdtw J‘f"—'/uS = S = 5&6"14
Th}s 1S e:x/oeneﬂéﬁal g‘f‘*ow{:!ﬁ of Comfound
interest, Sczde/)ésit at time = O

"bcl Q uts riskin Investment b)/
al'lowin stock o ¢o r*ar\cﬁamis/ vp
or O Wl I‘F M= O, Your retuvern 1S
tota”; randeom.

eNote: ‘Both retovrn and Vc}il:i},'i:}/
effects Pﬁc}:’ort‘}oﬁaj to S, We'de
interested in e retorn 3 risk,
(Obvious..

ﬂ&-\? (@) is an Ito process, Recal
dx = a(x,t)dt+ b{(x,t)dz
or, Pefblaalng‘ X with S :
dS= a(s,tYdt+ b (s, t)d=z
ComPaﬁe. with |
a(Sﬁ,(:)z/u,S
b(s+t)= &S
ds
@ S - audt+rodz & From (D)
a5 ’
E "g"'] Z/Q,c[t'
v%(%é)z @ “dt




|Example: loc of Steck Price
Given: G = _ Un S
ds= wusdt +orsdz
Tto's lemma: Motivated by (D)
CACHN <

o

£§s s s £527 52
Sobstitute mt@ Itas lemms (&7
dé = (u - )dt + odz
This is a Genegaiajed Weiner Process (see (@‘))

lesl From
G(T)- G(o) = (u-S)T
vav [ G(T) - G(ar]= o* T
and

o

G(T) - G (&)

c UnSy - s, ~ G T, VT

o1

M S~ G—(J%Sa-f- (/u-—%3T )o'\/Tf7>
S, s ‘logn@wma“l')

Alternate view
ds.
)

-~

*—/u dt+ &d#

A 5 = /at L7+ CONSTAMNT
ﬂﬁ+02

Sy = S8

,&LST is +thus Gaovssian

L.
s ———y

()




Call

Examp

For‘ +
=N

X
X
C

Opt}on

le: You own stoeck.
N 2 months

)/Ou

P
=
3

P

= Strike
time

e
P2}

I w}llpa)/
he of?'f:;on of bu]ing)o

rice = H14d0
2 monthsg

you N A

this Stoeclk
lo ] ad BI‘!Q.

(Note: Yeu are sellin
am bulying- a call
ean OPtion: S

Evro
F at time T,

onl

&= we censider this.

4
(American Option: Excercize of;tfon Sny t)me.)

0F'(:icn Pr“:c.e,

g af‘ca”JoPtion- I
oPtnon )
tien can be exaercized

£

)

o Question: How much money do ] make:
Answer : Depends on value of stock at+
time. T, AR value', X, is >/145 T
make money, If ‘ledis, I loose ane
you keel) my b JCe
#1571 my
#1104 Frofit 4‘?-45}0)06:1
5 & S'T': Stock Price
at time T
t‘io léO‘léO 1‘1:0 l:S'O l:«:é ::70 7_
#H .5 ﬁ/
Flc i..
In General
My
Prefit
slope =]
S 2ste f< 1Ce
X T st t%mgy::' <
- / FiG 2
C v
8




The “valve’ of the cption is what I can
sell 1€ for at time ' T

Option
Vflue,

%slopez 1

S = Stock pree
X T at tomPet

For no interest rate
option valve = max (S "'X, CD')
If r= risk- free nn'l:creﬁt“ rate
-r T .
option valve = € ma’X(ST“’X Q)

(ie, discoont at r)

Frem this, we can find the fairprice, C,

of the call optian!,

C= E(option va'lue;)
= e " T [max(S - X O)J

knew t ans but‘so oY
/ X‘/’ & (\ﬂ {cf‘ 13 y 3 eo/
e & R G wa{:h

C: (52&)4_./4,‘

o




E”valua(:ing— price, c, of a call w/st:}on
c=e "7 ElLmax(sy-x,0)]
s e T fx (Sy=x) g’sr(ST)AST
f:c;a// g‘:sf(s:}:/gal;c of Sy, is /agnorma/.
ST = & => W:,&LST
c= e "7 f,&‘.x (e"- x) '§s,<ew) (e“dw )
From (@ ewg‘s (e\") = JC(W’) is norma l:
w:&ST”G<«Z«S°*§a )T, @”W)
Z
Define: N(x) = fox ?‘"J”"*" -§/zd§
: _7!:+ V_;i,‘_1__r_1‘/;)<e/«g/za{§
Then, after lots of nuomber cr*unc.lqing—-:

c= s, N(d.) - x e""T N(d, )
b (So/X)y+ (r+ Z5)T

Then

d," @'\[-“"1
d = /&(SO/;L:’ UMW)T =d, - o VT

The l/ast 3 Powmufas constitovte the
Blat:.k Scl*!cs/es rican ﬁonmula Lowr a Euvvfz?ﬂ”
s, cal tion. A similar
afc:v\lvatuon g—aves the Pu*t— csp't“san Prtc.e

H:stortca’ re ﬁer‘ence

F. Black 4+ M sSchales "The P::wcnng—- '(:non_s
and Corporate Ligbilitieg ” Polutlc_a[

Economy, &l (Ma)"'June l‘?’73 ),PF€37'59

Technical reference
Jo hnCHull Optiens, Fuvtvres ¥ other Derivative

Secorities, 2.2e ., tion, (Prentice- Hell 1973)-»




iational *Brand

HomeWork:

i. Evaluate the ITto proces s Obe)/ed by
" Sy = nw

2. Flcore 2 shows my Proﬁ.‘t when I Porchase
a Evropean call option aorom/ou. Sketch
the correspond)ng- corve for your rofit.

(Note: Options are 4 T<ero sum game!>

3.(3) UsirE\g- intuition what should the cost
of a Ur‘o,:ean ca’ll optfcn be when:

r=0 , &= vQ/itiln't)/=O/ Se 2 X=strike price

Cb) Conﬂi.r\m oLYr answer b evaluzt‘fng‘
c uslng- E7uaz':‘:ons (Bé)

Y Evalvate the opz‘:lmal f when ovr
earnings dre P=X i X > or

less [°=-X if X<o0 when X is 3

randem variable rem Some densstz’, ﬁx(x)}
with poesitive mean. Choose yov own
Cns;fy.




|
| s
i. Sipzdaw = G= &

G * £G
d6 - (&5, a v 55 +3b* 55)de+ 5% bd=
l

dS; "-‘/510‘%"? o Sd=

£G. s e 5*G s
5sr = €T %‘E{“moj gs2° €77

J
g::,/u_gnr 9 B:@ST
s : Se
L dG= (@ ;«LST ro+ T (@'ﬁﬂ%é’,é*)@fﬁ-’*@ &S, dz
or d@ﬁ5T€i§*E/o+ﬁ“@ﬂ?“5r}dt+ @dg}

2, Zero Sum Game °
Yo or F‘;w@ujﬁi‘t' + my f»f*\@ﬁgfiﬁ = &)

Hiz L
Hio L+
#5
b 30 = =1
. s 1
~dio -

*j"g@)*rhg Ofat’lan f:amae shovld be =ero becavse
- e. r‘*l{ié’i | ﬁéﬁfii% not m&awg’"ﬁg

| i
@‘3 c= S, M@lf}wx_ N (dz)

/X = i _,,.,:> da = ovT ! = oo since O=@

= C = §® MX:ﬁﬂ“gﬁ;C;@ gmﬁ X,




(

Pr{ﬁmtj"’ “2;

D P-le*l:= 7z 3
e Fp(x;e) = T S(x-5e%)+ & §(x- e *)
2. X(£) :765'5 6t+ ?3‘@’t==
4, Rg (t,,t5)= X (t,) X ()
- .é? X Ee,tw\s‘gtz.;.' %_ . @”ﬁ‘*e"t“
. 25 o (hi¥ta) | B o - (bt t2)
- ?z‘. { 5.€(t‘+t'z} N e«-(ﬁ,#i—,a}j
3. TEET- Ra(te): T[sef+e™ ]
van X = X*e) - X(j5
S S I
=3¢ €Y+ 5C ety B2t e M) 5

. 25 , 175 _+%* S5 _ -+=2
“f”%?“’i"gé@ + 3L €




D Yr)= Z h(t-ta)= hlt)x = 5(+-t,)
= h(e)* X (&) 3 X(+)= %.'.,, §(t-tn)
Reeall: S_(w)= A X 6 (w)
Thus: Sféw)“ 5 (w) Eﬁ(w)ﬁ
[M;mrrs(m} H(w) T
f_w hitYdt = O = H(o)=0O and

Selw)= A TH)T




a X(t)
Y= X&)+ dE  ; Relt, )= min(t,,t,)

d
Y (t.)= XT(t)+ 3E, Xlta)
= fQK (t;,‘tz) = QZK{'&“%‘Z,B + ﬁ; Qxéta;&'&.}

= min (£, ,£3) + Jd‘”"z min (£,,t5 )

.  ty <t
= mhn (:t: t, } + ] i ‘ ‘
ta [ B, 7L

o ! t, <tz
= minlt,, t.) * § i j t, >t
=minle, £2) + Ut -ta)
X(t) = X))+ Fr, Tl
Reple,t2)= Ryelt.,t,) + Jdﬁ Regl(t, 2
z{mmit“tﬁ_}f- U(ta“ﬁz}]
+ [ Ue,-t )+ §(¢,-t.)]
1+ minle,t2) * 6(t, -t3)

(since Ult,~t, )+ Ulto-t)= :L)

U




§) TInl = Yin-1d= X[n]J
(1-2"") YZ (2)= X, (=)

Thos: o
H(z)= é~f2” - @%(%)ng(%)
[ o KU Y v/ 2N
Se(edt) = Se(e?”) TH (e

R x B
H(ed® )= T-giz

{ ‘ Z p e

‘ UGLJZQ -
Sele )}z: 4 ‘
= 55%‘?(6# ) = ’2(&"%_(1}




Xt) is 2ere mean white Gavssian noize,
Re(r)= X2 e~ xI7l
E[X(t,) Et.) X3)] = K@) X@,) Thy) = O
F Lt ZtZEsFE,
= Xk) Elk;) if t,ot.7 tg

ete,

M e, =t,=+%2

E[l £3(x\] = 3% moment of zero mean Gavssig
=0

Thos:  ELX(,) X(£.) X)) = O

Y|




| @/ X ()= ed® 5 D~ £ (w) <> D(x)
d)- edle

Ti)= X)- i) ; Ter= o0
Ry (t, €)= E[ (Xt - $)) (e - Pl

s
=

' z&ﬂtg’ é{ﬁ,%% (698}(1;&2“ @*(t.z}§a}
i @gﬂ(t.“tz} _ W@K@ﬂ"@:(@} é:g?m

+ &) & * (=)
= @Q’»a"tz}“’ @&'*% @?’ﬁz}

NO . NoeT WSS.

-




yumy
1 Uy

Review
X ~ 701(- (x)

X-:; Y‘qno!om var}alJle,

JCZ:CK) "-/nro éaéi/;é// a[ensi'z‘:)/

Rla<x<b]: [
/j/-‘x(x)c/xf- 1

@(X); /-‘-aa ﬁx(g)clfs comulative

Ais'{:r;but’;or]

KKCW)LL / #x(X);adX—F'Z()()
Elges gGx) =) gt FC)dx

ok

A= mean= X
Var X = variance = E[(Z’-.X—:)Zj

—n =<

- X= - X

Joint R.V s

X;fy"’ 7£X_‘E(’<- )/)
AyA Rl e)ed]

aj g :4 Jﬁx_ECX,/)c/ny

)

PG et

enaleﬂ'f."
LX) é(’d; «702::2(’(/ y)
Uncorre lated 14

ab 7£I (X)CIK = ._Z,_)A continvous

y)d xan/‘

= v - tval ) A/CO'Q
XY =X Z U@




o Explaia wny

/"’/ar‘g‘/'n 36/ ﬁenijt}es O/
f(x)z/w Fay (x y)ely
x s

Frg (x1y) = /,,/: FuCs, a1l 5 ol

s
i’ . = ?‘737 §f[x,y)

e 505 Cheel
”0 oV /<non/: ,
/C ntral Limit- Theorem !
1' , _X: \$ za"e_ I'no/
: =X +F
f
Foterds
2 . Chavactervistic Fovnet—1 o
y. xSy (x) o
FT=Xx% == + = |




STocHASTIc PROCE SSES
X®

N /1A AW/M '
\//IWA Vvvdr

Randem variable Jef?nd's on time t,

 Set T,
ot _ » |
Carresloona(ing' R.V. has }aalja
g F(xt)
ﬁ(x;t) c s X

Ensem L,E (f‘e/ 'pf‘eq)

l(, e
g ()r\




j/ql’f’ocor‘o"ela tion

Rle, 4, ) = E[xle)) X e,)]
| :ﬁx'xlﬁ(k, X2 , T,

#
"@i F

‘a(x; Jk‘tf

z
" |
B -

: » WA R v
M%‘\ éw K‘ - ::’1 {%J% z;
AUTO covARaNCE: (L) %

Cle, o) = € [(Xle) -2 e,) )(Btey -2

&

. (u.s)%

“—

= RCe ta) = 7Ce,) Zle |

jNo'tr'e.'

® x(¢)

= R, t)— 2 *(€)

o % (¢)= CC(t,¢)



X(t,) is related Cmaybe) to Z(f)
Uevc;ne

| nol ,
serer b? [F(x., %2, €, , ¢ ) = Pr[-x(t')“' x,, Xlea) & x
Agtf' v |

?
|
2 ,
= |
%Cxo/xi;ti tZ): sx, SXQ_ F-(x’lwt;to,tt)

/L'//z_sr OROER O1STR

( }\[xut) f yé(x,,x-,,, t,,t )AXL

5 S ——

E(A/): EXPECTATION
= J A ‘ﬁr (x)dx
cis limear

EA+ B)= €CA) + (i <—/<m
EfaAd-aqecp) @*/*/L)a/vgo ﬂ










EES08 Midterm Examination #2

Winter 1997

Instructions.
e Do all of your work in this test booklet.

e This test is closed book and closed note.

You are allowed two notebook sized sheet of notes & a calculator.

Each problem is worth 20 points.




1 Problem
A common model for the autocovariance of certain stochastic processes is
Cx (1) = var(X) e Mlcos(wor)

Does the integral

1 /T
— X (t)dt
2T /AT (t)

converge to the (non-zero) mean of X (#)7 In other words, is X (¢) ergodic in
the mean?




2 Problem

A securities price, S, follows the familiar Ito process
dS = puSdt +0Sdz.

Describe the Ito process for S2.




3 Problem
Consider the first order difference equation
Y[n - 1] +2Y[n] = 4X[n]

What is the power spectral, Sy (e’*), when the input is discrete white noise
with power spectral density of Sx(e?) =¢ 7




4 Problem
A stochastic process, X (¢), has an autocorrelation of
Rx(tl, tQ) = e 1l g2

Let Y (w) be the Fourier transform of X (#).

Y(w) = /Oo X (t)e 44t

—o0

Evaluate the autocorrelation, Ry (wq, w2) of the stochastic process ¥ (w).




5 Problem

 Let X (t) denote a Wiener process with parameter . Define the stochastic
process

Z#)=X@{) - X@t-r1)
where 7 is a given positive number. Determine the first order probability
density function of Z(t) for all positive values of ¢.
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Robert J Marks 11

EES08 -
HOMEWORK #5

CHAPTER 1L

If x(t7 is a Poisgen provess as in Fig. 10-3a, then for a fixed
t, %(t) is a Poisson RV wirh parsmeter iy, Hemce [see {(5-79)]
ite characterigtic function equals expiit (a¥? -1},

1f x(t) is a Wiener process then f(x,t) is N(0,/5t}. Hence
[see (5-63)1 its fivsc order characteristic function dqusls
exp{mtmEIZ}.

- e e Y Ty S ——

11-2 For lazge t, x(t) and y{t) can be appm:;:lmat.ed “oy twe indepoadent
Wiener precesses as in (11-4):

2 . 2

1 =" fak 1 -y} 2ot
£ (%aE) = ——= £ ) =

}C( . e € yE?o 3 pRe— e

2nak

Hence, 5(1:) has & Rayleigh density léec {(6-50}1, [Noie. Exacely,
z(t) is a diserete-type BV taking the values 2Vml +nl where m
and n are fntogers }. The product fz{z,t}ﬁz equaks approximately
the probability that 2{t} As betveen = and z+dz provided that
d= »>T, )

1of5 3/10/97 1:222 PM
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The voltage y(t) 1z the qutput of a system with input ne(t) and gystem

function

K (g} =

Hence,

8 0) » sne(u) [Hlfju)lz =

Furtheroore, -

R+Ls

Z (&) =
ab LCs” +Ros +1

in agreement wirh (11-27),

1

e e

2

LCs™ + RCs + 1,

KR
2ex? v nlot,?

(=a

Re Z_ (Ju) m —u . B
ab (=010 % 40202y 2

The currenc f(t} is the outpuc of z éystem with input ng(r) and

agystem function

Hz(s} =

Hence,

Si{w} = She{‘w)ll{z (j“ﬂ Iz =

1
R+Lls

2XTR

R; * msz

Furthersore (short cireuir admittance)

1
Y5} * v31s

in agreement wich (11-30),

il-4

1

——
ws +fs

H(s) =

and {10-90) yields

Bz’ (6)) = BIE
£

2of 5

L

' _  2kTR
EY&E{"‘“) Tz 37

R4+ L w

The equatien bx''(e) + fx7{r) = F(t) specifies a system with

—ft /m)

h() = 201 - Ft/mly

3/10/97 1222 PM
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11-6 I ox(t) = g(c") then [see (11-22)]
Rultrats) = E{% (2w (132} = at,?
IF y(1) = wi{t) then [see (7-36)]
Ryltaste) = Efw 31w 2,2}

= Ew Zﬂx}E(}f *tz) + 2 Ef{w {tdw (1)} = Py, + 20,2

——w-h——m-_———-_——W-h——j‘ﬁ——ﬁ-.——-'-

From (11-§1%

10 24
7 =3 J'ﬂza::m a,2=3j 4dt = 120 E(s®) = 3720
. 8

5{7) = 0 if there are na points in the imterval (7-10, 1), The number of points in this

interval is a Poistion RY with parameter 104 = 30, Hence, P{s(7) = 0} w 30,

———————— I———--———ﬂ-———w-h_——.-————-L———ﬂ-

. 3/10/97 1:22 PM
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The process

§
) = (e #n) - | xleyn S0gleaD
u=~N

is the eutput of a systen with input :s(t) and system fumction

HN(W} - Ut g sing (T-nT) o2 To

puny O(T=2T)

Furthermoxe, g (1) = Y0}, hemce [see ( 10-135}]

oy

2 2
E{EN(’U} = By {0)} = % I S{w) EH}l(m)[zdw {£)

L
;‘he funceion H“{m) is the trumeation &rvoer in. the Fourier sevies

expansion of 2JWY iy the Inrerval, (-g,0). Hemce, for N> ¥,

LSOIEE ol <o

From this and (1) it follows that, if S(u) = 0 for |u| <o, then
. .

2
Ele (031 = ':E'ETJ S(w)|HN(m)|2dm < e R(O) N >N

4of5 ' 3/10/97 1:22 PM
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CHAPTER 13

13-1 (8} = 10 + w(x) R0 = 2 6n) Bly(6)} = 0
E{p,} = E{x(£)} = 10 ¢ (1) = 28(1)

From {13-5) _

: T . T

u:; = chmu - -%_.J-) & = J 28(x)

13-12 (a) It follows from the convelution theorem for Fourler series

()

,ﬂln

I“H&

Wich P, as above, L = i.lI Py Pu

2 . . 5aT
Py = § odRT i BaST g,

S5of5

3/10/97 1:222 PM




EE508 Final Examination

Winter 1994
March 16, 1994

Instructions.

e Do all of your work in this test booklet.

o This test is closed book and closed note.

e You are allowed two notebook sized sheet of notes & a calculator.
e Each problem is worth 20 points.

You will find the following Fourier transform pairs useful

2
elTl & —.
1 4 w?

If 2(t) & X(w), then 2(at) & Ifll_lX(aLU)



1 Problem
The autocorrelation of a zero mean stochastic process is
Rx(7) = S

Design a linear time invariant filter using adders, differentiators and ampli-
fiers/attenuators so that, when X(¢) is fed into the filter, the output, Y'(¢),
is white.

o



e

2 Problem
A common model for the autocovariance of certain stochastic processes is
Cx (1) = var(X)e M cos(wor)

Does the integral
1 T
[ t)dt
2T / X

converge to the (non-zero) mean of X (¢)? In other words, is X(¢) ergodic in
the mean?




3 Problem
Consider the first order difference equation
Y[n — 1]+ 2Y[n] = 4X[n]

What is the power spectral, Sy (e’“), when the input is discrete white noise
with power spectral density of Sy(e’*) = ¢ ?




4 Problem

A stochastic process, X(t), has an autocorrelation of

Rx(t1,ts) = e(—|t1]) + e(—[t2])

Let Y(w) be the Fourier transform of X ().
Y(w) = / © X(Detay

Evaluate the autocorrelation, Ry (wi,ws) of the stochastic process Y (w).




5 Problem

Let X[n] denote a real discrete stationary Gaussian stochastic process with
mean 7y and variance var(X). Let K denote a binomial random variable
corresponding to IV trials with a probability of success p. Let K and X be
independent. Consider the sum

K
S=> X*n]
k=0

Evaluate the expected value of the random variable S.




Scratch Paper #1




Scratch Paper #2




Scratch Paper #3




Scratch Paper #4
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EES0O8 Examination

Robert J. Marks II

Please write your name on the upper right hand corner.

This examination is closed book and closed notes. Calculators are allowed
but will probably not be needed. Fach student is allowed one 8% by 11 sheet
of notes for the test.

All work will be done in this test booklet.

Each problem is worth 20 points.




1. Fundamentals. Circle the correst answer. Correct answers are -+4,
incorrest answers are -2 and no answer gives a zero score.

(a) The expectation of a Fourier transform is the same as the Fourier
transform of the expectation.

TRUE FALSE

(b) A random variable’s second moment is always finite.
TRUE FALSE
(c)

52

X2>X

TRUE FALSE
(d)

TRUE FALSE
(e) X is always real.
TRUE FALSE

(f) The characteristic function for the degenerate case of a determin-
istic “random variable” is always a complex exponential.

TRUE FALSE




2. A zero mean Gaussian stochastic process, X (), has an autocovariance
of

1
Cx(ty,t2) = 5 min(|t4], |t2])

(a) Find the three dimensional charateristic function, ®x(w,ws,ws)
for the random variables X (—1), X (0) and X (1).

(b) Find the corresponding probability density function.*

1Recall that exp(—t?) has a Fourier transform of exp (—m($=)?).

3



3. The autocorrelation of X (t) is

Rx(t1,t2) = X 2cos(t1t2)
Given the initial condition Y (0) = 0, find Ry (¢, t5) when

LY =X

Express your answer in terms of the sine integral

Si(t) = /‘t sin(r)

0 T




4. A Gaussian stochastic process, X (t), and its Fourier transform, x(w),
are described as follows.
~ 7N —2
X(t)=e™

Ry(ty, ts) = e~m'1n(gt1-|,;t2|>
(W) = / X (t)e ™tdt
oo

Find x(w).




5. A whitening filter is a linear time invariant filter that transforms an in-
put, X (t), into a white stochastic process with autocorrelation, Ry (1) =
q§(7). Specify the frequency response, H (w), of a whitening filter when
the autocorrelation of the input is

Rx(r) =™




6. A digital filter has a transfer function equal to

1

-
<

H(z) =

[e3Ed

The input to the filter is discrete white noise with autocorrelation
Rx|n| = q d[n]

Let the filter output be Y[n].- Find the power spectral density, Sy (e),
of the output.



seraich paper




4. serabch paper




4. scratch paper
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EEH08 Examination

Robert J. Marks IT

Please write your name on the upper right hand corner.

This examination is closed book and closed notes. Calculators are
allowed but, will probably not be needed. Each student is allowed two
8% by 11 sheets of notes for the test.

All work will be done in this test booklet,

Each problem is worth 20 points.




1. The process w(t) is a Wiener process with parameter a. Form the
stochastic process

(a) Evaluate the mean of z(¢).

(b) Write a Fourier integral equation for the first order characteristic
function of 2(t). You need not solve the equation.

. -Wz/
(3) W)~ e 2

: 2 ' ‘Wz.x-t -

2.
—— -2z [ W ot
- W
Z(t) Vzrrot«l:' j; W e d’

- Z zt —sz«tl”
Vorrat' - Z c e



2. Define the (nonstationary) stochastic process
X(t) = A cos(2wt — O) " U(t)

where

e A is a zero mean Gaussian random variable with variance o2,

e O is a uniform random variable, (-Prom 6 to 21
e w is a known angular frequency and
e U(t) is the unit step function.

The two random variables are statistically independent of each other,
Is X (t) ergodic in the mean?*

I

FIRST, NOTE Tw)= A coal(wt-@) e U(t)

Since  foa (2wt- @) = zn’/o Mooz (2wt -0)de =0
= X&) =0

'r,‘me aVerag'e :

LX) = /ém» =7 / X ()t
e [T B emer- @) €7 U
l->°°2

s Ml T+ / A eoz (2wt ®)etdt
= W

/.a,oo r‘,ﬂ.tc as | > =~

v & FA

woe

= Oé Determin; 'Sflc /

. Va4,<)?‘(t)> o

YES.'/ Er ao/:C
(Cou/o/ checle var {I(tﬁ Wou'ld ﬁma( it ZCV‘0>

LThis is not a trick question. There are nonstationary processes that are ergodic in the
mean. Is this one of them?



3. A stochastic signal, X (t), obeys an Ito process. Is X (¢) a Gaussian
process? Explain your answer.

No! Of covrse not/

TI’C 57"4/7’6 #inance c7ua1‘::'on:

Ads= « sdt+osdw

has a solvtion that s lo norma/ # Cavssian
A b 4

S=X




5. Define the stochastic process
X(t) = e/tt

where () is a discrete random variable with probability density function

(e o)
= Z P 6(w —n)
n—=-co
where the p,’s are probabilities. Is X (t) a cyclostationary process?
Justify your response.
, . 00 eo e
e _ $5LET = /

o Xo:=ele?1= Z P

' ) int
- F p.ed =

N -

wt S(W‘ﬂ)clto
Covrier Series
, Wrb"\ Perlocl T: 27
2 X:(t) is pcmod,c_
& R (6:+Y)= E[X(f)X (+ J'r] [@3-1(1‘:—’-")-‘)
st -d'JL

:E[ed

is the qutecorrelatioi

hi
Zx(t:?): Qr({: /,\')(E:lz; :nght“ cx’oCcf Lrom .a
stationdry Process. §iuce
all—stetion
< 44 mT)

‘2};('&* mT
EZZ [—E-—?‘)

ft

Cevtainly, Rg(t;™)

11

_’_/_5_5 = C/closéab-‘anar)l




4. Care must be taken in directly performing a Fourier transform of a
stochastic process. Let X (t) be stationary in the wide sense with mean
px # 0 and autocovariance Cx (7).

e [ivaluate the expected value of the Fourier transform of X (t).

o What is the expected value of the Fourier transform of X (t) at
w = 072

Y(w)- /_: Xty e ¥ de
L x [ Jed e 2 £ w)=2m g0, 60)

X {w)

. 7fﬁﬁﬁg 2 Uy §(0)=

2The Fourier transform is



EES05 Final Examination

Robert J. Marks I
December 12, 1997

The examination is closed book and closed notes. No calculators are allowed.
Each student is allowed three sheets of notes. All problems are wewhted equally.
Work must be done in ink.

All work will be done in a test booklet. No scratch paper is néeded.

”Test everything. Hold on to the good.” 1 Thessalonians 5:21 (English-NIV")

1. The events 4 and B are independent. Are the events A and B alwavs
independent? If yes, explain. If not, provide a counter example.

Yes, A is ind of B.
[7.«0070 4 PB: PA'B"‘KB
Pa= Fag+ Prs
"?P,;B Fo~ Pus 'PB fe

AvNDB

CAB s ME, 07o
/

P = Pg(lﬁbpﬁ)

Biad
FBFA—‘::oFA'ﬂ

1"

More: | | —_— ry
- - = %3 ME of BA
P P 39 SINCE




2. Let X and Y be independent random variables and let Z = X + Y. Prove
or disprove the following general propositions.
(a) Z=X+Y Y(’
(b) 22 = X2+ 72 Npl
(c) var(Z) = var(X) + var(Y).
(d) var(aZ) = o? varZ. yej

_—a
Y
——

s —————

@) Z=X+r=X+X

T o\2 _—a . o= x
(v) 2= (x+X¥) = X~ -\-jrz + 2%

. A X +T
5 Byl) = Tl + Tl

= Tllo)- Talo)r Pel T2,
5 @) vazz= E[(az- 5% )"]
=g (s=z-2%)7]
- pl[a*C=-2)7]
=a% EfC?”§>zj

= 522\/6)/\.—2

2

o
RS
g

ro




N

1 .
Y = Nkzﬂ‘\,f

where the X’s are i.i.d. random variables with probability density func-
tion

Sx(z) = e U (x)

_Estimatethe probability density function for the random variable Y when
N is large.! '

' , ——i‘_ »® - ) ,: W?L —_—

Let Z,L=X’K=:>X)< = fa x*e dx=2. CZ/“ zk 7
—_— oo - :

Zz= = XJ = /; x1eTdx= 4l =24 7

j
=7vmz,,~=—zgl_q=<;é/¢)
_ NS 2 _
Thus Z-‘-‘ff’é?,‘“ TU—'N’Z
TN 20
var ¥ = 2= vav @) = qzt 20°N= Y
NE Y 2

LRecall

—y
nl=Tnh+1) = / y"e Ydy
0




4. A total of N ii.d. Bernoulli trials with probability of success p are per-
formed. The outcome of trial m. the random variable X ,,, is set to one if
there is a success and zero otherwise. We form the sum

N

Y = Z X

m==1

Evaluate the exact probability density function for the random variable
Y.

Y s b}nomié/ (¥ =tsvecesses in N Bernodlli tr_’ay

f5(y)= é (1) Pkcin-I< &(y k)

(jmg N J | {/"\/3 AT R0
f

) \; vy 19 a{'x{,(

Mo s ;«;{
o/ i f Y/
Aol Py

H " i
N L




5. The Weibull random variable Y with positive parameters A and B is

Fy(y) = [1 ~ exp (—{%)‘B} U

Let X be a uniform random variable on the interval (0, 1). Given A and B,
find a random variable transformation, ¥ = g(X), to produce a Weibull

random variable. _ ( —AL ) B
XxX= 1- &

e
e'C%) = )= X

®W“

M;% = i /;&?5 X ?E |

- / ) 7 N} 7
0/ 40 //z &ZL l” L) [ 2 0ty |

7

[9%

A




6. A random variable has a probability density function of
fx(z)=e""U(z)

We take i.i.d. samples from this distribution until we get a number be-
- tween zero and one - and then stop. Call this last random variable Y.
Evaluate the probability density function of Y.

¢}/Iv\ A

fr(x): dgln] oeE =13

(< . -x|°. |-
F=0 f,,e Ax= & Il', =
X —
1
-X —
E P

}ILX); I_,C“' /‘ 0&)(5‘] !/




7. Let X be a zero mean normal random variable with variance 2. Let
Y = X when X is positive and let Y =7 otherwise. Evaluate and sketch
the probability density function for Y.

37, mchc{::on -

#Z{")

ga vssian pa"

/ X >0




3. A joint probability density function is defined by
VA Syl e andyg >0
fxv (@) = { 0 :otherwise

{a) Evaluate A.
(b) Evaluate the marginal distribution, fy (y).

(3) Area= 28 e "dx =24 =>

P B ) éfp(w)dx =2

0 : m i)

f’igei“aj")’j) %f%;‘ Hzo fJ k)dy = & Toye
e Y5 Yy é/g |

o |
i) - ( = /()
Pl g, tee @O 20

- /
é:;’

U
12
2




9. A die is rolled. The stochastic process, X (t), is set to 5 e”* when the die
shows six dots. Otherwise, the stochastic process is set equal to —e™!

(a) Evaluate the expected value of X (¢).
(b) Evaluate the autocorrelation, Rx (t1,3)-

e
P i ;

T,
() TB - L set s E(-e)

= %(€~ -C_’-t) =0 o

(L) Pt )= Elt) X (2D

£ (- c-*')(—e’*“)

£ (e, vy
e BT e

{ |

£.0 71
A . v AT O ”;Jﬁf*““ |
bt 2 WV)/ 7 /3{2 - by f///> ‘& ‘f(»J!””E 7 ?
Not U LT by L T =0l |
L5 2, Bl gy J
. ”,[,, Lo g ’)'-7 /;/ L AL
FE v fond
N 1:\ - ;ﬂ{; + I/‘ \} ’
T 957D p— } 55>
',,?i:’// s e i
» \/i%u/') é{w{u - / }
/ .
V
/v/,/y\ g Ko TR 9
o) o U {
B )/\ ,[/’i’\‘O “ R “‘!ij . !/,'n/’t/

’/)/\ /) A

% ;{ «



10. The power spectral density of a stochastic process is

SX((A)) =3 6"2:“)‘

What percentage of the power is above the frequency w = 1 radian per
second?

| o 4,3 .3
Total power: 2%5’,‘{-]:, SX.(w)d@: ’2“2Tr“z_ = 2

Power f_or w>1 rad/sec

<
caxgk [Te s Kl

Yo = ( zr €
3. o |

\ zr @

L/

o
i [, p ) i VIV
f AV O A VA X { £l
[ S o 7 LR K )
[ t ) c |
lal gouer 2« = ) dv
E 27 '
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EES508 Examination

Robert J. Marks I1

Please write your name on the upper right hand corner.

This examination is closed book and closed notes. Calculators-are allowed
but will probably not be needed. Each student is allowed two 8—;— by 11 sheets
of notes for the test. A : ‘

All work will be done in this test booklet.

Each problem is worth 20 points. e

Some hints:

e 72>2
e exp(—7t?) has a Fourier transform of exp (—7r(—2‘i7r)2).

o The Fourier transform of a unit step in time is
6(w) + =
mé(w) + 5
o If the Fourier transform of @(t) is X (w), then the Fourier transform of
z(t — 7) is X(w) exp(—jwr).

¢ The Fourier transform of a function z(t) is defined as

X(w)= | T (et

e The inverse Fourier transform of 276(w) is one.

e The Fourier transform of the first derivative of z(t) is jwX (w).




1. Fundamentals. Circle the correst answer. Correct answers are +3,
incorrect answers are -2 and no answer gives a zero score.

(a)

xX2>X
TRUE FALSE
(b) The power spectral density of real WSS stochastic processes is
even.
TRUE FALSE
(¢) Mean ergodic stochastic processes are also distribution ergodic.
TRUE FALSE
(d)
Fx(z) > Fx(z —1)
TRUE FALSE
(e) X is always real.
- TRUE FALSE
(f) All indepehdent random variables are uncorrelated.
TRUE FALSE

(g) The characteristic function for the degenerate case of a determin-
istic “random variable” is always a complex exponential.

TRUE FALSE




2. Let p
YY) = —X
(1) = ZX()

where X (t) is a WSS process with a given Rx(7) and X (t) = constant.
What is Ry(7) and Y (¢)7?




3. For the stochastic differential equation

V(1) = S X(0) +2X(1),
find the autocorrelation, Ry (1,t2), when X(t) is a random walk with
parameter «. '

RX(tl,tg) =« min(tl,tz)



4. A Gaussian stochastic process, X (t), and its (linear) Fourier transform

are described as follows.

X)) =
(t17t2)
x(w) = /_oo X(t)e wtdt

—mm(|t1 | {t2 |)

Find yx(w).




5. The autocorrelation of a stochastic process is
2m(t
R(t + 7,7) = cos (—————W(T—*— T)> x eIl

(a) Is the stochastic process cyclo-stationary? Show why the answer
you give is correct.

(b) If the stochastic process is cyclostationary, evaluate the autocor-
relation of a process formed by randomizing the origin on the
interval (0, T




6. A whitening filteris a linear time invariant filter that transforms an in-
put, X (%), into a white stochastic process with autocorrelation, Ry (1) =
q6(7). Specify the frequency response, H(w), of a whitening filter when
the autocorrelation of the input is ' '

Rx(r)=¢eT"".




7. A digital filter has a transfer function equal to

1
H(z):z_%

The input to the filter is discrete white noise with autocorrelation

Let the filter output be Y[n]. Find the power spectral density, Sy (e’*),
of the output. Your answer should be real and non-negative.



1. scratch paper




2. scratch paper
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3. scratch paper
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EES05 Final Examination

Robert J. Marks 11

“December 13, 1996; 2:20 to 4:30 PM
Special Friday the Thirteenth Final Exam!!

The examination is closed book and closed notes. Calculators are allowed.
Each student is allowed three sheets of notes. All problems are weighted
equally. .

All work will be done in a test booklet. No scratch paper is needed.

1. The events A and B are independent. Are the events A and B always
independent? If not, provide a counter example. '



2. A die is rolled. The stochastic process, X (t), is set to 5 ¢ * when the

die shows six dots. Otherwise, the stochastic process is set equal to

—e ¢,

(a) Evaluate the expected value of X (t).

(b) Evaluate the autocorrelation, Rx(t1, t2).



3. Let X be a Poisson random variable with unknown parameter a. As-
sume a is sufficiently large to apply the central limit theorem. We
perform an experiment the outcome of which is 14. Estimate a 98%
confidence interval for the parameter a. Assume 2 erf(2) = 0.98.




4. Consider, on a plane, a small area ¢ within a larger area A. We place
n points at random within the large area, A.

(a)

(b)

Let k& be the number of points in the small area a. Evaluate the
density function for & assuming the area a is much smaller than
the A using the Poisson approximation.

Let both the area A and the number of points, n, go to infinity
such that the ratio of n to the area is a constant, A\. The result
is a two dimensional Poisson process. For a given A, what is the
radius of a circle such that the probability of containing no points
is one half? Express your answer in terms of A.




5. The stationary stochastic process X () is zero mean with a uniform
distribution. Its autocorrelation is

1
RX(T) = Ee GITI‘

(a) What percentage of the time is |X (¢)| < 0.37
(b) Evaluate the expected value of

12 [X(t)+X<t+2)]2




6. Let the random variables {X,]0 < n < N} are uniformly distributed
on the interval (0,1) and are i.i.d. Define the random variable

N
Y =[] X~
n=1

Estimate the probability ¥ < exp(—3). Assume N = 9 is sufficiently
large to apply the central limit theorem to In(Y).!

1]3 In(z)dz = -1 ; fol In®(2)dz = 2

erf(2) = 0.48




1. Scratch Paper




2. Scratch Paper




3. Scratch Paper




4. Scratch Paper
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EE508 Take-Home Final Examination

Instructions,

e Attach this test booklet to your exam.

e You may use any nonhuman resource except for Professor Marks. The
EE Department’s honor code is in force.

For take home exams, neatness counts.

Each problem is worth 20 points.

e The exam must be turned in before March 20 at 5PM.

You may find the following Fourier transform pairs useful
2
1+ w?

e Mo

If z(t) © X (w), then z(at) & ﬁTX(aw)

1. The autocorrelation of a zero mean stochastic process is
Rx(r) = I

Design a linear time invariant filter using adders, differentiators and
amplifiers/attenuators so .that, when X (t) is fed into the filter, the
output, Y (¢), is white.

2. A European call option is priced at a r = 0 safe investment rate. The
strike price is set to the current securities price. In other words, X = S.
If the call option has a duration of T = two months, what is the implied
volatility, o, when the Black-Scholes formula places the fair price of the
option at 10% of the strike price?




3. Differentiating the sampling theorem expansion for a deterministic sig-
nal, z(t), with bandwidth B, gives

dz(t) & d sin o(t — nT)
dt _W:me(nT)% ot —nT)

where o = 2xB and T = /0. Let X (t) be a o-bandlimited stochastic
process. Does '

dX(t) _ i x( T)isina(t—nT)
dt e dt o(t—nT)
in the mean square sense?
4. Define X (t) = YN A, 2T where T is a given period and the

2N + 1 random variables, A, are independent and identically dis-

tributed random variables with real mean a and variance 2.

e Compute the mean of X (¢). Express your (real) answer as the
ratio of two sin functions.

e Evaluate the autocorrelation of X (t). Is X (t) cyclostationary?

o Let Y () = X(t — ©) where © is a uniform random variable on

the interval (0, T). Is Y (¢) ergodic in the mean?

5. Let X [n] denote a real discrete stationary Gaussian stochastic process
with mean nx and variance var(X ). Let K denote a binomial random
variable corresponding to N trials with a probability of success p. Let
K and X be independent. Consider the sum

K
S = ZXz[n]
k=0

Evaluate the expected value of the random variable S.




EES08 Midterm Examination #2

Winter 1997

Instructions.

e Do all of your work in this test booklet.

e This test is closed book and closed note.

¢ You are allowed two notebook sized sheét of notes & a calculator.

e Fach problem is worth 20 points.




1 Problem

A common model for the autocovariance of certain stochastic processes is
Cx (1) = var(X) e Mcos(woT)

Does the integral

1 [T
— X (t)dt
QT/-T ()

converge to the (non-zero) mean of X (¢)? In other words, is X (¢) ergodic in
the mean?




2 Problem

A securities price, S, follows the familiar Ito process
dS = puSdt +oSdz.

Describe the Ito process for S2.



3 Problem
Consider the first order difference equation
Y[n — 1] + 2Y[n] = 4X [n]

What is the power spectral, Sy (e/*), when the input is discrete white noise
with power spectral density of Sx(e™) = ¢ ?




4 Problem

A stochastic process, X (t), has an autocorrelation of
Rx(tl, tg) = ¢ 1] 4 ¢7It2
Let Y (w) be the Fourier transform of X (¢).

Y(w) = /_Zx(t)e"fwtdt

Evaluate the autocorrelation, Ry (w1, ws) of the stochastic process Y (w).




5 Problem

Let X (t) denote a Wiener process with parameter a. Define the stochastic
process

Z({t)=X({t)—-X{t—r)
where 7 is a given positive number. Determine the first order probability
density function of Z(t) for all positive values of ¢.




Scratch Paper #1




Scratch Paper #2



Scratch Paper #3




Scratch Paper #4
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EE508 Quiz#1

ANl four problems are worth 25 Points esch. For P
our work, Closed notes ¥ books,

(name)

(.Soore)

6f notes. The test is dcsigned for 4 hr, buvt
the entire 2 hrs tode.f.

]/ 100

roeblems 2-4, show

Yoo are allowed one page

you may take

1. Match the Stockastic Frocess samPle to

the best descri

tion.

Use an answer

only once. No pensalty for guessing.

a. E[X@#)) # constant

. RX (t,,t2) Z Rxg (ti-ta)

b
c. vawv X (£)# constant
d.cyclosta'lﬂona'“y
e. non-Er*g'odiC .
f stationary

-------

“—write Your

answers here

g R i E()

A, t D. L
) T)

. . e AARAF
X(x) X(e)

C. Ww . F. \L/AWA&;




..2-

X(t) is 8 zero mean gauss}an (norma')
Process with autgcorrelat}on;

Re ()= MT"T)Z

x mT

@) Let Y= X(&) +X(§-> + X(Z), Find
the Probabilit/ densit)l fonetion
for Y,

(b) Find the Pr“obab'l,'lt that
X(3)X(£)>0




-3 -

Let ianl - <N <3 be uncorrelated
random varigbles with zero mean an
varidnce G.2=062 for all n. Consider

X(t): > a, &(t-nT)

Nn=-oco

where T 15 =7 g‘iven parameter.

@) ls X(+t) wide sense c)/c(ostationar)/.?
(show )'OUP wor k

(b) Let ® denote a random varuable
vni form on (O T) and ind eFen ent

of the 3an's. 'Is Y(t)-X(t @)
ergodlc in the mean?™




-y -

The Fourier Transform is a linear
oPer‘at-on. Consider

Y(w): [_ X(t)e 9 e

(a)Find the auvtocorrelation for Y (w)
[i?g (wi,w,)] when X(t) is (2ero mean)
white noise:

[Qx (t,,tz)-’- C’(t.) S(tz-tz)

(b) What type of 'Frécess"ns E(wS?
(Let Q(w)-= f_:?(t)CHWtdt in (a))

_d' W
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EES08 Name

- ; Firal Exam Score /200
S
{ y § : RuleS:

1. No human helP (other than P-of. Marks§ is allowed.
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g LINE CODING

1,{. cl‘.et_t bp denote iid samples from the
A F(xys = E(x+1)+ = 6(x-1)

' A sequence of b,'s could be considered
a st'ream of (bipolar) bits. |

(3) Show that X(t): 2 b, §(t-nT) is
cyclostationa 1 " Then, compute
the power spe tra | densit)l o F

Y): X(t-0O)

where ® is vniform on (o,T)

(b) Find the power sPectral dens}t)' of%
| Z(¢) - b (t—@-n'r )
t):= Zn: n Aect = |
Note that Z() is the output of a
filter with ':mpulse response
h(t): Acet (¢/T)

| when Y (¢) s npot, Z&) is a’ ofa"?
{ coding-"o} +the bit stream, Sketch Sz(“))
;‘ V5. L) '

() The bit stream in (b) could, for examf)lie_,
bi. sen,t over a horl\e, ane. Unfzrtunate |
N t v .

P one cnes“kﬂo:calé: ave a reciuen )/

response e thi

2300 2153000
The power spectt‘al densit/ in (b) has
1gniyicant lew frequency’/ components
which can't be senlt ovér the line.
R line codin tech ve (commonfy

ni
vsed) that ge around 'this problem
is bipolar line COol'mg'. (cont ) —>

|

|

x et 3= 1 for )3]< "-5: and s otherwise zero.
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|
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1(.:) Ccont), In bipelar codin both a +4 and

a -1 represent the binary”1 and O represents
O. If a 'binary 1 is reprdsented as a 'i

the next bina 1 is rePresented as a "'1
(and visa versJ. Here's ' an example

3
|
bits OIIOOlllOII

cbinarr code : ~1 | I S | I lbn
|

bipolarcode' o I "I 6 0 | -} | o-=l zcn

| lunvalently every other § in the bit
. stream .s ne |
The ol§~ Code can be viewed 3s a3 ;
Markof # f ocess 'I:P we treat the bipolar zerosin
two way IS a zero that will ,
convert "to 3 +1 the next time 3 1 bit
ccecurs, A O~ will convert to 3 -1, Thus)
onl)' a 14 ora O~ can fol!ow a o-. |
Using the four states ot s O'J { an
-1, draw“the state diagram and o
matrlx for this Procesg (as in F'cg- 12+ l‘l
of your text),

|

(d) For what initial state Probab lities
; is this hOMogeneous Mankoff‘ PPOCCSS
§ statnonary

(e) Let $Cn3 denote the bs olar code o-P

; correspond nng— binar ccde §b Show
that Chn nnde enden‘t’ ‘o Cn-o-m'
|m|> 1., [Hmt Look 'at l‘l"‘ For m>4¢ 1. {
Hssume stationarit |

(:“) Let X(¢): Z. Cn &(t- nT} and Y(t): X(t' ).
~ Find the power sPectral densxty of Y(t).
(g-) Let Z(t)-= Z C,,/u,c,t(t Ol n-r) F'md

e
the power spectra‘ dens.t oﬁ Z@) and.
note tha't 't lnne C gte(:hn‘ ve can ;lt
our hone lnne better ¥han thé |
binar*)' case,




| JITTER

. (a) Let{X' l ~oo < n <°°3 denote 1:1d samplcs }\Mm~

a densnty f (x), Let ¢, :nT+X, where
T is a sFeCnFncd samplmgmterval Define

Y(e): 2 $(e-t,)
:n Show that Y(t) is wmle -sense cyclosta-l:—.onary

(b) Let ® be a uvniform random variable on (o, T)
that is independent of the X,'s. De':pme,i

| Z(£): Y(t-O)
7 Derive the mean of Z({&) and show that: |

Ca(v)= T+ §()+ T Z:. rg (- nT) - “F=
vhere o (ny: [T f mﬁ (e 1)

Hints:®eFor any punct-on ‘P(t)
= [T Ple-nt)de = [ Ple)de

.AISOJ I found the pousson som Pormola vse;Po
o If Hw= [.2 ht)e™ "mtdt, h(t) is rcal)
and r, (t)= f-= h(r)h (t+'r)d'r then

f.» r(£)e 9™ = | ()™

I
!

CC) Def.ne
G(u)= T Z.g’(t ) e

Show that G(u) is an unbiased
estimate of

aluy- S (t)e'ézm'tdt

A ;
~yamrut A
d2 n), tnztnf-l-@




| /
, _*_A_.__\Qi_(m.l_\

| (J) Let g (¢) be rea | w-tk energy:
Furthermore asiume ‘g-(t) 'S bandhmuted
ncy W <

with maximom re7u

G(u)= o ; IuI>W

Show that i ¥ T<1/2w then

var Glu)= TE - T /G‘(“)) x| Cﬁ (U” Jlukw

where x Aenotes convo Jution,

(e) Intc.ﬂpr‘et ovr resuvlts in (d) when
ther'e 1S n Jtt‘tef‘ That IS cac h
X, is ec,ual te’ 3 deterministie zero,

(£) Compare this estamate to the one where

‘ g fls sam Ied at onSScn oints wnth
densnt)/ Az /T, fsas 338 of Papou is )
( S'Pec. ic/al 7: which gi es the best

g? G(u

estimate

1 _ oo -j2mux ;
® @x(U)- j:,,, fx-(x)e d dX~cha£g:éb§'n°s’-‘t;c

i
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W‘i%; Leont )

(e)

®

(d) Let g(t) e real with energy: |

(:P) COM{Dare this estimate to the one where

e- [2 lgce)l dt

F'urther'mor‘e assume () ns bandhm:tec‘
with maximom re7ue_g:) : |

G(u)= o ; IuI>W |
Show that, if ‘T<1/2w then® |

van G(u)" TE - T | G(u)) * l Cb (U)]Jlukw
where % denotes convelution,

Intcp ret Zour' resvlts in (d) when
there 1$ n wtter, That IS) ceac h
X, is ec,ualtc a deterministic 2ero,

g’ is sampled at ponSSon oints with
densnt/v A= /T, fsas 338 of F’apoul'ns]
Pec:f:ca )'J w"uc gl es the best
estimate é6f

@ (u)= j:m frx)e "d 2MX e charscteristic

function




. (@) Let{X’ l-ao<n 4&3 dencte 1id samples :"‘romi

CJITTER

a densnty fx(x) Let th=nT+X, where |
T is a specified sampl.ng—mterval Deélme.r

Y(¢) = 2 $e-t,)

Show that Y(t) is wide-sense cyclost‘ationar}/ﬁ

,(b) Let ® be a uniform randem vamable on (o,T)

that is mdependent of the X,'s. Define
Z)= Y(t-O)

Derive the mean of Z({) and show +that:

Cy () T () + -% z: rg(r-nT) - =72

where

re(vy: [ Fg m; (e rr)dT
Hints:e[For any Punct.cn 10(.3) ;

= [T Ple-nT)de= [ Ple)dt

Also, T ;cound the Psisson sum formoula use

¢ 4
* 7 Hy: LT h(e)ed L hik) is rea
and r, (t) = f.m h(r)h(t+¢)d¢ then

Jom r(s)e 9t s | H)T
Ce) Def.ne
G(u)' T Zg’(t )e

Show that G(u) is an unbiased
estimate of

G(u) = f-: g(t)e

A
~yz2muty, | A
J 9 thzty

-y z2mrut
d dt

Fol.




(d) For what initial state Probab lities |

(e) Let $Cp3% denote the bs olar code of

1
i
j
)

(c) Cecont), In bupolar cod:hg both a +1{ a;‘d

-4 re resen-t the binary”1 and O represents

O, If a 'binar is reprdsented as a "{.1.)
the nex-t: blnarx 1S re resented as. a ""”1
(and visa versdy\ Here's an example: |

bits * o I 1+ O o I 1 1 o |
binary code: R BRI R T B bn
bi.oolarcode‘, o I - o o0 | -} | o=l C.,-,
E7U:Valent| eVer‘y other 4 in the bit
stream 1.5 neég'

The oldr code can be v:ewe:.d as a f
Mar«:ofﬁ ocess 'n}' we treas the bioolsr zerosin
two sP i1s a gero that W’E”
conuert to a +i the next time 3 41 bt
cececurs, A O~ will convert to 3 -1, Thus,
onl)/ a -4 or a O~ can follow a O

Using the four states O"'J O"J a d
-1, draw“the state duagram and -~ TT
mat'rax for this processs (as in F’ag 12-14

of yeur text).

is this homageneous Markoff Process

stat'ona"y ;
%

correspond -ng— binar c;ocle éb Shoug
that Cn inde endenf ‘o Cn+m'
|m|> 1. [H.nt Look 'at for m>1 1,

Assvome stationarit

($) Let X ()= 2: Cn S(t-nﬂ and Y(t): X(t-O).

Find the Power‘ sPectral densnty of Y(t)

(g) Let Z(t)= Z Cn/wo/t(t Q- n-r) F'md4

the power sPectr-a‘ densit oﬁ Z(t) and |
note that +' h line f;%mg q ﬁit
our hone lune better han the,

b‘nnar7l case.,

|
|




1.

LINE CODING

(a) Show that X((): 2 b, §(t-nT) is

cl.‘.et bn denote 1id Samples from the
enstEy: fb(x)= <+ S(x+1)Y+ = §Cx-1)

A sequence of b,'s could be considered
a stiream of (bipolar) bits.

cyclostationa ry: " Then, compute
the power spe tral densit)/ o F

Y(): X(t-0O)
where @ is vniform on (O,T’)

(b) Find the power sPectral densit)/ o:‘:*
Z(t): Z by aset (E2Q1T)

Note that Z(() is the output of a
fileer with 'um,oulse response

h(t)= Acet (e/T)
when Y () is inpot, Z(t) is a

[\
coding-"o} +the bit stream, 5*
Vs. [

(¢) The bit stream in (b) could, for examf
be sent over a pheone line. Un:"ortunatezj

hone. ltnes typicall have a frequen
ﬁeospon.s: -slé' th‘:)s,: "9 4

S\

AT *300 217X 3000

in (b)) has

The power spectral Aensit/ ¢
components

‘lgn‘:-ﬁlcant' low frequenc
which ecan't be senlt ovér the line,

A line coding technique (commonly
1S bipolah [ine cOolmg-, (cont ) —=

|

le)

% acedt 2= 1 for ’§§< ‘éj and s otherwise zero,




Solotions

.(3a)

(b)Y () !

X(): Z_ b, §(t-nT) ; EX()=0
Re(e;7)= E X)X (v)
z %. Z;T §(t-nT) §(+-mT) E b, b,
Bvt, since b, 3 b, are ind. for nzm:
E bybm= Eb, Ebm=0 :ngm
Thus: E bab,,= §[n-m7] and:
Rx(t-;'r)= S 6(e-nT)YE(T-nT)
Rg(t + 7, by = 6le+r-nt) §(t-nT)
@c):closta'b}onar)/
Y()= X (t- @) A vniform on (O,T’)
= RI(T) Tf l?x_(t+ ,t)dt
= fﬂaé(twr nT) 6 (t-nT)dt
For &(t- n‘r) te be in (~7T/, T/z) n-= 04
Ry =+ L7 gGeer) §(e)dt
=4 (1) = Sglw)=F

{ “éj@

y T N ¢V
21/




Cn= { ot if Cn-

© Otor-1 and byro
(c) )
O e Cn-l = O  or +i " bh:o
1 “ Cn-le"' or -1 . qul
\ - L " Cn-l =0O” or t4 't blnz |

ot o~ I -1 /%‘4“

2, O V2 o | | ot

TT= O Y2 O /2 O~
O '/a O /2 1

i 72 O /2. o1 -1

(< 711" 3 for n>1, has all elements
e7uaf to 4/4. Thos

P[ Cn-nnl Cn]‘ P[Cn+m] For m> 1.
() Since J

T | N T
[+ & % 4]7= TTLa & 4 4]
the process 15 sta‘f:icmary for |

Plo-1= Plo*)=PL1]=P[-1]= Y4 o




(F) X(¢):= 2 ca §(t-nT)
. E X&)z O since E Ch=0 for

the st‘a-&ionar)t case.

R (t;+): E X ()X (F)

: 5 & $(-nT) $@®-mT)E Cn C

If n=m, E‘c:-[c.nw (1Y% (o*Y+ (o- f]'/q

= Y2

(Can'+ h/“- r =gince two "'1 s can s

be back toc back)
Covld be: (ofo%) 3 (ot 1)

(0" o ) (07,71)

(1 o) (1,71)

(-1 o*), (-¢,1)

Each pair with eclual Probability. The
E CnCps = ~ Y4

Sum-larly JE'CnCn =~ Wy

For all other cases, EC,C,= EC,EC

And : J
Ryle;#): & = §(¢-n1) §(7-mT)
[+ §[n-m]-4 Ln-m-1] -7 5[4

=26 (t-nT) §(+-nT)
-4 6(t-nT) S (+- (n+)T)
-3 4e-nT) §(T-(n-1)T)

I

S .

m= 0O

N-m+1)




Thus -
Q (f-l—? )= Z S(t+7-nT) [ = $ (¢ - -NnT)

-'irS(-l: ()T )= 7 S+ - (n- I)T)]

. !C’O stationary since this 1= &
Fer‘loc’: fonction of 7 t.

Y)- X(t ©)

PZ( ) - /\T/z :c:' Sl +7-nT) ["L'S(t-n'r

/=2
*qé(f: (n+')a)" S(t-tn-) T )

=“-r""f [’Lé(-e )= ()

-7 §(eemeT) §(¢)
-4 6(t+T-T) $(e) |dt

- L [F 5 - S ey -F S(-TV]

 ~—

d¢



. . ¢
= T2 A T

. 2 WT (2
= R

(g) Us:ng‘ the same filter as in (b):

T
Mz

A

[ o
gipo’?
21 y
T T

w

)




@) T (&)= 2:: $ (& - €,)
ta: NT+ X, o, Xp~ Fg(x) Ciid )
EX@): 72, (e): Z E $(t-nT-X,)
= = [2 fe ) S 0x-e-am]
= Z :Px(t—nT\
Rz(t;'r): E T&) Y(+)
= ZZ E S$(t-t) §(v-t,)

= [E §-t,) §(r-£,)
+ T E $G-t) S(r-+,)]

m#Zn

= ;’_ [f_: ﬁx(x) § {x- (£-nT3 §(x~
s ffy £.00) $x(y)

mEn X

- T [fele-nry S(2-1)

%)

+ 2 ;x(t—-nT‘) }\z(‘l’—- nT)]

MZEn

= Ry lear; )= T F5 (e-n1) 6()

+ 2. 2 fx(t-r'r-nT) ffx_(-t-mT)

nom#En

x §$ x-(£-nT)3 6§)I-(1'-m7)§dxéy

(1)

('T -d nx'r))

(z2)




(b)

To be czclostationar in the ug?c{e sense,
we need teo sat':s{-’): two condithions:

® 7Z,(t+pTY= Ny(t) , pe Integer
@ Ry(t+7+pT,trpT)= pz’('b-r?"jt)

These conditions are satisfied b): 575_('

and (2) res Pcct‘nuel)'

Z(t)= Y(t-@) 5 ® uvniform on (OJT)

»722 = ‘ér—jo.r 72Y(‘t)o't
'-':'— é-. j: ch(t-n‘r)o‘t

For any :Funct'aon) “lo(t)'.
. T oo
= [, Ple-nmde= [ PeYde

Tho : oo
Yo T fGde =T

wp R, ()= 7 [T Ry(e+r,t)dt
=T §(r) T foT fe (E-nTYdE

++Z 2 foT P (er7-n1) Frle-mn

MZn

= , wgvb z?ﬁ e
=7 6(T)

s s

rT o,

L
L -

(3)
(4)

-1

)dt

~ 1{ é o .?g ) b ffﬁ TT-NT % ﬁ“;: ffﬁza = F¥} %"’;Bd‘t
T |
- = z. fo Fx (£+7-nT) Px(t-n+ Ydt

where we have vsed (2). Cont'muing:




R(+)= 6(1»)+-;--f: z J-‘x(tvr—nﬂ %Px(t-
- LD Aleen) P (t)de

where we have aga'nn vsed (3) with
Pler: Feleet) Fp(e)

Define the characteristic function:

O, (u)= Jo f e d T,

Then, from the Poisson som Formula:
= fle-ntY: = $_(H)e
n x n X
Us3ng this In (5):

Ra(m)= F6()+ Faf Z o (Fe

éznn(t-

= P () ed T

1
- T g(7)

where

rel®)= f: Fr(rryFg (e)dE
= ‘@x(u)lz

g2t /T

mT)dt

(5)

(¢)

Lz

(7)

)] T

(%)




Continuing;
Ro():+ 5(+) -
ch 2z 3,

Bot LT e P 1 ¢1p] and
R.(+): F 6(1)- T rg(+)
2 -
fd o | g () e T
Us)ng (8) and the Poisson som formula
give
= F L)+ T Z 2 (T-nT)

Then:
Co(): Ral¥)- 7

= F 6y r T Z rpli-nT) -

Re(¥Y = =7 §(+) - T rg(+) + 7 Z g (7

-nT)

(a)




(c)d

or

Thous:

where we have used (Y4 ) and

Subst]tuting (10) gives:

A

a(u) ':'TZ“: g(gn\e 5tn=tn+@
g(u\=T[Ng(t) e") amut Z(t)dt ; g rea |

E G(a)= T | _ g-(t)e-d'zrrut

E 2(+) dt
= G(u) |

Glu) = O gtered*™Y
Thos 8 is an ounbiased estimate of G,
(d) vaw G (u) = E' g—(u\- G'(u)l2
oo - 2
= Bl 7 [ gered® {aie) -3 de]
= T3 j;fq, g'[t)g(?)e-azvu“:‘?)
« E{e)-+3¢=2te-F)3dedT
but

ES2le)- ¥352(H)-F3% = Cg(e--

I 4
[

™

vav Glud= T ft f,, g(t)g(’:"\ en‘jzrm(t-?‘
[ -7y - 7+ = gl t-T-nT)

- r‘x(t—'r)]
=TE - [G)"+A-B (n)




where "

E = f.: ’g(t)lza‘t = f,ﬁw (GCU)lzc/u

J2mu (t-+) .

oy

A= Tj;ng(t)g'(*r)e
x nZ_ ry (6-7-nTY)dtd 7

B:T ftJ‘T g&)g(ﬂe‘éz"““'” ryp (t-T)dtd T

Let's $irst evaluate A. US'lng' the
Poisson SuUm -Formu‘a:

A= [ f,,. g () g (7) e dzrule-T)

q2mr nE-7)]T
g ; ‘ @x(%))le 4* dtdT

L Z 13N [, gy edrmElen By,
“Ji g (o) I (T

= Z | 3T Glu-%F) G(F-u)
Since g s r‘ea\) G(u)-‘—G*(“u) and

A: = | (%) Gla-2)° (12)




NO‘;_ _-For B: 5€t S=¢t-7T = ’/\‘-_-_é._sz

B=T ft fs g(t)g(t—s) re(s) e”ézwasdt

= ’l'_/‘5 r‘g( s) Ny(s) 6_‘;2”056’5

where

r‘g(s)= fs g(t)g(f-§~\dt

Frem the cenveolution theorem:
=T lG(ﬁ)}z* ‘@x‘(w),z

where we have recog—n]zed +hat:

rg (£) <> | G (u)HI*

Subst'ntut"ung— (l’Z) '# (IS) into (ll)gives:

var Gz TE - 16w)*+ Z [$(F) G(u-
- TG *x [P (w)]®

or, since @xCo)': 1)

Van g(u): TE + 2_ ’@(%) G(U"%)

NZ£O

- T () ® ]| éx_(u)}z

N
K

(13)

(4 )




(e) If G(u= 0o for |u\>W) ther‘:J
T,<EL€\'7')
S 1P cu-D) =0 3 lulc W
nfo J

and

van Glay= TE = T 161 % |J (DT (15)
Fg(x)= &(x) and

For no jitter"
@x(uy: 1 and

6% L= [ _|6(a\\Hdu=¢E
and vag:O for lul<W

. A
() E(-om text, vaw G(u)= E/ N = ET where
G(u) 1S -l:‘ne Poisson estimate. Then, prom (,5)..
~ A
vorr G(u) < varv G (u)

The jitter estimate is QIW§xs better)
no matter what 'FXZ or g‘ 1S,
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Gambling with the Odds

Chong Cha
University of Washington

March 11, 1996

Abstract

This paper describes a financial game based on a white sequence of
random numbers (stationary discrete stochastic process) to determine the
profits (successes) and losses (failures) of a game-player’s repeated invest-
ments. One free parameter exists which represents the amount the player
wishes to reinvestment over all trials in one game. The monetary bal-
ance then represents a stochastic process in this free parameter. This
paper shows that an optimal reinvestment value can be determined for
a given random variable distribution with positive mean (gambling with
the odds).

This problem comes from Dr. Robert Marks’ class, EE508 (Stochastic
Processes) taught at the University of Washington [2]. The three methods
of solution include: (1) an analytical method or monotonic manipulation
of the equation describing the balance after many trials in a game; (2) a
direct calculation for the the optimal reinvestment parameter by numerical
integration; and (3) Monte-Carlo simulation.

1 The Game

The game begins with the player’s initial I dollars and a choice of a value to
reinvest, say f, after each trial in a game (this value remains fixed throughout
all NV trials per game). The success or failure of each trial is governed by a
random variable (RV), C, a set of independent and identically distributed (iid)
random numbers (RNs), Cy,. Thus, a sequence of trials may follow:

n =0, I
Ci1>0: I(1+ Pif)
Cy>0: I1+ P f)(1+ Paf)
C3<0: I1+Pif)(1 + P2f)(1 — L1 f)

n=N, I1+Pf)...0+Pgf)1 =L f)...(1 - Ly_x f),

00




for K wins and N — K losses. The final balance for a game (after N total trials)
is then

K N-K
B(5) = IT[Q+Puf) T (1= Las), )
n=1 n=1
where P, = C, for C, >0 and L, = —C,, for C, < 0.

For large N,

1

<E>ﬁ ~ (L4 PP . (14 Prf)PF

I
Q1=IL1H)®...(1— Ly_g f)IN-%,

where p = Z,I:{_:l Pn, 1s the total probability of success and ¢ = an:"lK qn is the
total probability of failure. For a uniform distribution of C, all p, and ¢, are
equal, but in general,

AR
(2) = {0 cupymemen,

n=1

where C), can be negative to represent a loss, L,,. Taking the logarithm of both

sides gives
1 h i
+(7)

= pln(1+Pf)+...+pgIn(1+ Pxf) +
giln(1-Lif)+...+gv-x In(1 ~ Ly_x f),

B(f)

I

which is the expectation of In(1 + C, f). Thus the balance can be maximized
by maximizing

B(f) = Elln(1 + Cn f)], (2)

where the linear operator, F-, denotes expectation.

2 Numerical Integration

Equation (2) can be written more explicitly as

[ee]
B(f) = / In(1 + cf) fe(c)de, (3)
c=— 00
where fc(c) is the probability distribution function (pdf) of C.
By numerically integrating equation (3), an optimal value of f can be seen.
Figure (1) shows f,p; for a uniform distribution. Only for # > 0 does an optimal
reinvestment value exist. Further, a thresholding effect is seen in 7, where above
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Figure 1: B(f) for C uniformly distributed with various values for the mean, 7,
of fc(c). An x represents fop;.

a threshold value of the mean of the pdf, the balance is optimized by reinvesting
all of the player’s money (f = 1). For the unifrom pdf, this value is somewhere
between 0.075 < n, < 0.100.

An optimal f may also be found for a Gaussian (or normal) distribution of
C, as seen in figure (2). For a gaussian pdf, the thresholding value of 5 lies
somewhere between 0.225 < 7, < 0.300.

Figure (3) shows the effect on f,p¢ for a larger variance in the normal dis-
tribution. Because the values of the profit can take on larger values (due to the
larger variance or spread of the pdf in this case as compared to the case with
o = 1), the thresholding value of the mean is greater: (minr)o=1 < (Mthr)o=2-

3 An Analytical Solution

An explicit equation for the optimal f can be found by analytically integrating
equation (3). Assuming a uniform distribution of C' with mean 7,

d n+3
FBU) = #/P_1+m

f+W[l+f(n— 3] =l + f(n +3)]
12 '
Setting this latter expression to 0 gives f = fope.
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Figure 2: B(f) for C normally distributed with various means and a fixed
standard deviation o = 1.

n=(0.076, 0,150, 0.225 , 0,300 ), o= 2
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Figure 3: B(f) for C normally distributed with various means and a fixed
standard deviation o = 2.
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Figure 4: Comparison of B(f) calculated from numerical integration and Monte-
Carlo simulation with 50 realisations of Bx)(f). Cn is normally distributed with
a mean of 7 = 0.3 and a standard deviation o = 0.5.

4 Monte Carlo Simulation

For a white sequence of random numbers, one realisation of equation (2) can be
written as [1]

1 N
By (f) =~ N‘Zln(l +Cnf), (4)

n=1

where the index on B(f) denotes the k** realisation and C,, is the sequence of
RNs for a given pdf of C at a particular n.

Using a normal distribution for each C,, figure (4) shows B)(f) for 50
realisations (games) with 100 investments (trials) per game. Also shown, on the
same figure, is B(f) calculated from numerical integration (see section 2). The
results from the Monte-Carlo simulation seem to corroborate well the solution
from the numerical integration method.

It is interesting to consider the effect of varying the variance of the Gaussian
distribution on these simulations. Figure (4) showed that for larger invest-
ments (larger f), the uncertainty of B)(f) goes up (as shown by the trend
of more scatter in B(f) for f values nearing unity. Figure (5) shows that the
Monte-Carlo simulations are very sensitive to the value of o: The Monte-Carlo
simulations begin to deviate from the correct B(f) curve (taken as that solution
obtained from direct integration) at lower reinvestment percentages due to the
large uncertainty produced by taking, for example, o = 1, while “cleaner” results
(less uncertainty) from the true solution are approached for smaller variances.
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Figure 5: The effect of the variance of C,, on the Monte-Carlo simulation with
50 realisations.
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